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Abstract 

Quasigroup equational definitions are given. 
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Basic and standard definition of a binary quasigroup is the following 

Definition 1. Binary groupoid (Q, o) is called a quasigroup if for all ordered pairs (a, b) G Q 2 
there exist unique solutions x, y G Q to the equations x o a = b and a o y = b [T] . 

T. Evans has given equational definition of a quasigroup [5] (see Definition [2]). Evans' 
definition usually used by the study of universal algebraic questions of quasigroup theory. The 
equivalence of Definitions [T] and [2] is well known fact [TJ [S] . 

In this paper we give some new equational definitions of quasigroups. The subject of this 
paper is close with the subject of articles p. [TO]. 

We shall use basic terms and concepts from books [H [2J, E] . 

Garrett Birkhoff in his famous book [3] defined equational quasigroup as a algebra with 
three binary operations (Q, •, /, \) that fulfil the following six identities 

x ■ (x\y) = y (1) 

( y /x)-x = y (2) 

A( x -y) = y ( 3 ) 

(yx)/x = y (4) 

x/(y\x) = y (5) 

( x /y)\x = y (6) 
Results of this paper are connected with the following 
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Problem 1. Research properties of algebra (Q,-,/,\) with various combinations of identities 
US)-® M Vage 11). 

It is well known the following 

Lemma 1. In algebra (Q, •, \, /) with identities (TJP, (TJ|) ; ([3|) ; and ^ identities $5}) and are 
true fUiWiW- 

Proof. We can re-write identity (jl]) in the following form 

(x ■ (x\y))/(x\y) = x (7) 

By identity (pQ) x • = y. Thus from identity ([7]) we obtain y/(x\y) = x, i.e. we obtain 

identity 

We can re-write identity 03) in the following form 

(x/y)\((x/y) -y) = y (8) 

By identity ([2]) (x/y) ■ y = x. Thus from identity flH]) we obtain (x/y)\x = y, i.e. we obtain 
identity ®. □ 

Therefore it is used the following T. Evans' equational definition of a quasigroup [5]. 

Definition 2. An algebra (Q, ■, \, /) with identities flU), (jSJ), © and (jlj) is called a quasigroup 

El ffl El Hi- 

Lemma 2. In algebra (Q,-,\,/) from identities (Ej) and |3P it follows identity (QJj. 
Proof. We can re-write identity (J2J) in the following form 

(x/(y\x)) ■ (y\x) = x (9) 
But by identity (j^D x/{y\x) = y. Therefore we can rewrite identity in the following form 

y ■ (y\x) = x (10) 
Then we obtain identity fll]). □ 
Lemma 3. In algebra (Q,-,\,/) from identities and |3P it follows identity Q). 
Proof. We can re-write identity (j^J) in the following form 

(x ■ y)/(x\(x ■ y)) = x (11) 

But by identity (EJ) x\(x ■ y) — y. Therefore identity ffTTj) takes the form (x ■ y)/y = x and it 
coincides with identity fl4]). □ 



Lemma 4. In algebra (Q,-,\,/) from identities Q) and |3) it follows identity (T3|). 
Proof. We can re-write identity in the following form 

{(x ■ y) / y)\(x ■ y) =y 



(12) 



But by identity fll]) {x ■ y)/y = x. Therefore identity f[T2l takes the form x\(x ■ y) = y and it 
coincides with identity OH])- ^ 

Lemma 5. In algebra (Q,-,\,/) from identities (QJ) and |3) it follows identity (dj). 

Proof. We can re-write identity ([1]) in the following form 

(x/y) ■ ((x/y)\x) = x (13) 

But by identity ([6]) (x/y)\x = y. Therefore identity (TT3|) takes the form (x/y) ■ y = x and it 
coincides with identity ()2|). □ 

Theorem 1. An algebra (Q,-,\,/) with identities (TJ|) ; (EP and |3) is a quasigroup. 

Proof. The proof follows from Lemmas E] and [3J □ 

Theorem 2. An algebra (Q,-,\,/) with identities (T7J), (fj]) and is a quasigroup. 

Proof. The proof follows from Lemmas H] and [5j □ 

In the following corollary we give definitions of equational quasigroup using four identities 
from the identities (DO)-©. 

Corollary 1. 1. An algebra (Q,-,\,/) with identities (T7]) ; |D) ; (T3|) and |3) is a quasigroup. 



2. An algebra (Q, 

3. An algebra (Q, 
4- An algebra (Q, 

5. An algebra (Q, 

6. An algebra (Q, 

7. An algebra (Q, 

8. An algebra (Q, 



\, /) with identities (HP 

\, /) with identities |7]) 

\, /) with identities (T7J) 

\, /) with identities (QJ) 

\, /) with identities £7]) 

\, /) with identities (HP 

\, /) with identities (HP 



((3), and |3) is a quasigroup. 

(TJP, 0) and (EP is a quasigroup. 

|3), (0) and |3) is a quasigroup. 

(TJ)), |3) and |3) is a quasigroup. 

([J]), |3) and |3) «s a quasigroup. 

|3), |3) |3) a quasigroup. 

0), |3) and |3) «s a quasigroup. 



Proof. The proof follows from Theorems [T] and El Lemmas El El SI and El 



□ 
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The proofs of Lemmas [21 El HI and \5\ are obtained using Prover 9 [6] . 

Information on properties of algebras with 3-element sets of identities that are taken from 
identities (JTJ) — (SJ) it is possible to deduce from results of the articles [9l[T0]. For example, algebra 
(Q, ■, /, \) with identities flTJ), (j2J), © is a left quasigroup with right division. 

Example 1. Let x o y = [x/2] — 1 ■ y for all x, y e Z, where (Z, +, ■) is the ring of integers, 
[x/2] = a, if x = 2 • a; [x/2] — a, if x — 2 • a + 1. It is possible to check that (Z, o) is a left 
quasigroup with right division. 
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